1. Introduction. In this paper we give several general constructions for lattice packings of spheres in real w-dimensional space R w and complex space C n . These lead to denser lattice packings than any previously known in R 36 , R 64 , R 80 , . . . , R 128 , .... A sequence of lattices is constructed in R n for n = 24m ^ 98328 (where m is an integer) for which the density A satisfies log 2 A oe -(1.25 . . .)n, and another sequence in R n for n = 2 m (m any integer) with log 2 A ~ -\n log 2 log 2 n.
The latter appear to be the densest lattices known in very high dimensional space. (See, however, the Remark at the end of this paper.) In dimensions around 2 16 the best lattices found are about 2 131000 times as dense as any previously known.
Minkowski proved in 1905 (see [20] and Eq. (23) below) that lattices exist with log 2 A> -wasw-^oo, but no infinite family of lattices with this density has yet been constructed. Lattices with log 2 A ^ -\n log 2 n were given in [2] (see also 2.2(e) below), nonlattice packings with log 2 A ~ -\n log 2 log 2 n were given in [14] , [15] , and nonlattices with log 2 A > -Qn + o(n) in [21] . The latter two families of packings were obtained by applying Construction C of [15] to certain sequences of codes.
Our first construction, Construction D (see 2.1), resembles Construction C in that it is also based on a sequence of codes, but differs in producing lattices provided only that the codes are binary, linear and nested. In this way we obtain new record densities for lattices in dimensions 36, 64, etc., and an infinite sequence of lattices with log 2 A ~ -\n log 2 log 2 n (see 2.2(f) and Table I ). We also give a complex version of Construction D (2.3), which applies to codes over GF (3) and GF(4), and another version, Construction D' (2.5), which defines a new lattice by congruences (obtained from the parity-check equations defining a nested family of codes) rather than by a set of generating vectors.
In a recent paper Bos [3] has generalized Construction C so as to combine several copies of an w-dimensional lattice A to produce what is in general a nonlattice packing in dimension mn (Construction C is the case m = 1). In Section 3 we give a new general construction which was inspired by Bos's, but differs from it in always producing lattices. Our construction also differs from his in making essential use of a certain linear transformation T that maps the minimal vectors of A into "deep holes" in that lattice, i.e., into points of R™ which are at maximal distance from the nearest point of A (cf. [7] , [10]). By means of this construction we are able to construct several new and very dense lattices having the same density as Epos's nonlattice packings (see 3.7 and Table II) . Furthermore, using knowledge of the holes in the Leech lattice (see [7] , [9] , [10]), we use that lattice to construct the extremely good sequence of lattices in dimensions 24m :g 98328 mentioned in the opening paragraph (see 3.7(d) and Table III) . Finally, Table IV shows the quite spectacular improvement obtained in dimensions around 2 16 .
Notation. (See [15] , [17] , [20] , [22] .) The norm of a vector x is its squared length x • x. The minimal norm M of a lattice L in R n is min {x -x\x £ L, x 5* 0}, its determinant det L is the volume of a fundamental parallelepiped, and the density of the packing is
where V n is the volume of a sphere of radius 1 in R w . The center density
is a linear code containing q k codewords of length n separated by a Hamming distance of at least d.
Constructions D and D'.
2.1 Construction D. This construction uses a nested family of binary codes to produce a lattice packing L in RJ 1 . It generalizes a construction of Barnes and Wall [2] , and has some features in common with Construction C of [15] , although differing from it in always producing lattice packings. and Co is the trivial [n, n, 1] code GF (2) n . Choose a basis c h . . . , c n for GF (2) n such that c h . . . , c fct -span C* for i = 0, . . . , a. Define the map a t : GF{2) -» R by o-j(x) = x/2 i~1 (x = 0 or 1), for i = 1, . . . , a, and let the same symbol a { denote the map GF (2) n -> R* given by (2) det
and hence center density
This is a consequence of Theorem 3 below.
An integral basis for L is given by the vectors (T^CJ) for i = 1, . . . , a,j = ki+i-\-l,...,kj, plus n -k\ vectors of the shape (0, . . . , 0, 2, 0, ...,0).
Examples, (a)
If a = y -1 and G has minimum distance 4, Construction D coincides with an important special case of Construction A of [15] . A typical example is obtained when C\ is the [8, 4, 4] Hamming code (see [17] ). We may take (b) When a = y = 2, G is the trivial [n, n -1,2] code, and C 2 has minimum distance 8, Construction D coincides with an important special case of Construction B of [15] . For example if C 2 is the [16, 5, 8] ReedMuller code (see [17] ) we obtain Barnes and Wall's 16-dimensional lattice Aie with center density 5 = 2" 4 (see [2] , [10], [15] ).
(c) Whenever Construction C of [15] can be applied to codes which are linear and nested, Construction D produces a lattice packing with the same density.
For example let G and C 3 be the trivial [36, 35, 2] and [36, 1, 36] codes, and let C 2 be the [36, 20, 8] code found by Rao and Reddy [19] . Then L is a 36-dimensional lattice with ô = 4, a new record. Similarly one can obtain ô = \/2, 2 and 2\/2 in dimensions 33, 34 and 35 respectively. Bos [3] had used Construction C with these codes to obtain nonlattice packings with the same densities. m , we obtain a sequence of lattices found by Barnes and Wall [2] . Asymptotically these have log 2 A ~ -\n log 2 n, and contact number
Nonlattice packings with the same parameters had been obtained in [15] using Construction C.
(f) Similarly the 2 w -dimensional nonlattice packings P2 m b obtained from BCH codes in [15] may now be converted to equally dense lattice packings B 2 m. We have calculated their density by computer for m ^ 17, and the results are shown in Table I . The BCH bound [17, Chapter 7] was used to estimate the dimension of the codes involved, so except in small dimensions the actual density of these packings may be slightly greater than is shown in the table. (Tables of BCH codes of modest length are given in [17] , [18] .) In Tables I-III , a star indicates that the density equals the old record for a lattice packing, while two stars indicate a new record. Asymptotically the density of B n , n -2 m , satisfies log 2 A ~ -\n log 2 log 2 n (as was proved for the corresponding nonlattice packings in [15] ). For n ^ 2 17 these seem to be the densest lattices yet constructed, although for 500 < n S 98328 we shall construct denser lattices in 3.7(d). The contact number of B 2 m is at present unknown.
2.3.
A complex version of Construction D. Just as Constructions A and B of [15] can be generalized to complex lattices (see [23] , [24] ), so can Construction D. We shall give a version which is applicable to codes over GF (3) and GF(4), although since this has not yet led to any new lattices our treatment will be brief.
The lattices produced are Z[co]-modules in C n , where oe = e 2lri/z , or in other words they are closed under addition and under scalar multiplication by the Eisenstein integers E = {a + bcj\a, è f Z). The construction works because 0 = 1 + 2co = \/ -3 and 2 are primes in E with E/0E = GF(3) and E/2E ^ GF(4) (see [24] ). 2.5. Construction D'. This construction generalizes another of the constructions in [2] , and converts a set of parity-checks defining a family of codes into congruences for a lattice, in the same way that Construction D converts a set of generators for a family of codes into generators for a lattice. (iv) ACTA and
It follows from (6) that T = tP where / = 2~1 / " and P is an orthogonal transformation satisfying P" = A. If if is the minimal norm of A, we have / = R/\/ r M, and from (8)
These conditions are quite restrictive, but as we shall see there are several lattices which satisfy them. Condition (7) is imposed only to ensure that the new packing is a lattice, and the construction (see 3.6) may still be successful even if (7) fails. In most of our examples A = I and (7) is trivially satisfied. The construction may be generalized to allow T to map A into (l/p) A for a prime p > 2, although we shall not discuss this in the present paper.
Examples.
In these examples R is the covering radius of A and T maps the minimal vectors of A into deep holes in A (cf. [7] , [10]). (b) Let A be the root lattice D 4 (see [1] , [5] , [8] , [15] ), in the version in which the minimal vectors have the shape (=fc2 ([6] , [13] , [15] ) in Miracle Octad Generator (or MOG) coordinates (see [7] The vectors in A will be said to have level 0, and those in A*\Ai_i for some i = 1, 2, ... to have level i.
3.4.
The maps o> Let wi, . . . , oe b be generators for GF (2 b ) over GF(2), so that a typical element of GF (2 b ) can be written as ^ a ; co ; , «j = 0 or 1. Note that, for ? G GF(2 & ), <r*(£) = 0 if and only if € = 0; hence in (11) the number of nonzero components on the right-hand side is equal to the Hamming weight of (£i, . . . , £ n ), and the norm of the right-hand side of (11) It follows from (7) that 
Examples {continued), (a) (continued)
. When A = 2Z we obtain Construction D. Theorem 1 then follows from Theorem 3.
(c) (continued). Using A = E 8 we obtain a number of good lattice packings in dimension ^ 136. We take uj» = (1,1,0,0,0,0,0,0 (2 12 ). d exists provided 2* ^ n ^ 4097. The construction gives a lattice Q N in dimension N = 24w, for 1 ^ n ^ 4097, for which the center density 5 satisfies Table III . The case n -2 is the laminated lattice A 4 8 (see [10] ). We see that while the density of Q N is poor for N ^ 150, for 150 S. N ^ 500 it is quite respectable, and for 500 < N ^ 24 • 4097 = 98328 these are easily the densest (lattice or nonlattice) packings known. Thus when n = 2 m -1 the unnormalized density A of Q N Ç R*, N = 24w, satisfies 
